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ABSTRACT
We present a new parameterisation of the space of solutions of Liouville field
theory on a cylinder. In this parameterisation, the solutions are well-defined and
manifestly real functions over all space-time and all of parameter space. We show
that the resulting covariant phase space of the Liouville theory is diffeomorphic to
the Hamiltonian one, and to the space of initial data of the theory. The Poisson
brackets are derived in our approach, and shown to be those of the co-tangent
bundle of the loop group of the real line. Using Hamiltonian reduction, we show
that our covariant phase space formulation of Liouville theory may also be obtained
from the covariant phase space formulation of the Wess-Zumino-Witten model that
we have given previously.
1. Introduction
The Liouville model [1] is a venerable field theory, the study of which has
absorbed mathematicians and physicists for more than a century. This theory
has many applications in conformal field theory, 2d gravity and particularily in
the theory of non-critical strings [2]. Liouville theory has a number of interesting
classical and quantum properties. For example, there are Ba¨cklund transformations
that relate the Liouville theory to a free field theory [3-6] and a quantum group
structure arises in this theory [7-12]. The study of these properties utilises an
explicit parameterisation of the solutions of the classical field equations of Liouville
theory, and the calculation of the Poisson brackets of the parameters of these
solutions.
The solutions φ of Liouville theory are functions from a 1+1-dimensional space-
time into the real numbers R and they are parameterised by two independent
parameters per space-time point. In the literature there are two distinct parame-
terisations of the solutions of Liouville theory [3-5, 13-15]. In the first, the solutions
are parameterised by two real (or complex) independent functions {A,B} of the
light-cone co-ordinates (xλ+, xλ−) ≡ (x + t, x − t) respectively. In addition, for
the Liouville theory on a cylinder an SL(2,R) (or SL(2, C)) monodromy M can
be introduced that acts non-linearly on the parameters {A,B}. In the second
approach, the space of solutions of Liouville theory is parameterised by four real
(or complex) functions {uλi, vλi}, i = 1, 2. Both u and v transform under the
fundamental representation of SL(2,R) (or SL(2, C)) and depend on the light-
cone co-ordinates (xλ+, xλ−) respectively. However, in this case two SL(2,R) (or
SL(2, C))-invariant constraints are introduced that depend on {u, v} and their first
derivatives. This reduces the number of independent parameters to two. In this
case the monodromy M acts linearly on u and v. The two distinct ways of param-
eterising the space of solutions of Liouville theory can be related by constructing
a map from the {u, v} to the {A,B} parameters [13].
In both of these parameterisations of the space of solutions of Liouville theory,
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the relationship between the parameters of the space of solutions and the initial
data of the theory is implicit (for a discussion of this point see ref. [13]). To our
knowledge, no (explicit) diffeomorphism has been constructed which relates the
parameters of the solutions to the initial data of the Liouville theory. Another
problem that arises in the above parameterisations is that for certain values of the
parameters the solutions of the Liouville theory become complex; this is the case
even if the parameters of the solutions are real functions. The reality condition on
the solutions imposes restrictions on their parameters. These restrictions are non-
linear in the parameters and their first derivatives, and they affect the quantum
mechanical treatment of the theory. Furthermore, the solutions of the Liouville
theory expressed in the above parameterisations are not well-defined on some re-
gions of space-time for certain choices of parameters. (For example, in the {A,B}
parameterisation, the Liouville solution eλ−2λφ = (∂+A∂−B)/(1− ηλ2AB)λ2 (λ
and η are coupling constants) is not defined at t = 0 for A = ηλ2/B.) Similar
problems also appear when the solutions of the Liouville theory are expressed in
terms of a free field and they have been discussed by the authors of refs. [4].
The above problems are closely related to the difficulty of specifying the ranges of
the parameters {A,B} and {u, v} and their first derivatives that parameterise the
solutions of the Liouville theory.
In a recent paper [16], see also [17], we have given a new parameterisation
of the space of solutions of the Wess-Zumino-Witten (WZW) model with target
space a compact and connected group G, and we showed that the covariant and
Hamiltonian phase spaces of this theory are diffeomorphic. The key point of this
construction was the introduction of a connection as part of the parameterisation
of the solutions of the WZW model. We showed how the parameters of our new
parameterisation of the WZW solutions are related to the initial data of the theory
by a simple transformation. We finally used this new formulation to calculate the
Poisson brackets of the WZW theory in the covariant canonical approach.
In this paper, we will present a new parameterisation of the space of solutions
of the Liouville field theory on a cylinder. As in the case of the WZW model, this
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involves the introduction of a connection. We will show that in this parameterisa-
tion the solutions of the Liouville theory are well-defined functions from a cylinder
(space-time) into the real numbers. We will then derive the Poisson brackets of the
theory and construct a symplectic diffeomorphism that relates the covariant phase
space of the Liouville theory to the Hamiltonian one, and to the space of initial
data of the theory. Then we will show how these results can also be derived from
the Hamiltonian reduction of the covariant phase space of the WZW model which
we have given in ref. [16].
2. Covariant Canonical Description of Liouville Theory
The phase space of a classical system can be defined in two different ways.
The first gives the Hamiltonian phase space PH , which is defined as the space of
positions and momenta of a system, equipped with the standard symplectic form.
For the second definition, we begin with the space of fields of a system. Then we
introduce the symplectic current Sλµ = δφλIδ
(
∂L/∂(∂µφλI)
)
, where φ is the field
and L is the Lagrangian of the theory. This current is conserved (∂µSλµ = 0) when
the Lagrangian equations of motion of the model are satisfied. The Lagrangian
symplectic form Ω is defined as the integral over a Cauchy surface of the time
component of the symplectic current. This two-form is closed and independent of
the choice of the Cauchy surface that we have used to define it. This symplectic
form can be parameterised in different ways. One way is in terms of the initial
data of the theory. In theories for which we know an explicit parameterisation of
the space of solutions, the Lagrangian symplectic form can also be parameterised
directly in terms of the parameters of the solutions. The covariant phase space PC
of a theory is then defined as the space of solutions of the Lagrangian equations
of motion of the system, equipped with the Lagrangian symplectic form written in
terms of the parameters of the solutions.
The Lagrangian of the Liouville theory is
L = −2(∂+φ∂−φ+
ηλ2
λλ2
eλ−2λφ), (1)
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where φ is a map from a cylinder Sλ1 × R to R, and λ and η are real coupling
constants. The pairs (x, t) : 0 ≤ x < 1,−∞ < t < ∞ are the co-ordinates of
Sλ1×R and xλ± = x± t, ∂± =
1
2
(∂x ± ∂t). The equations of motion are
∂+∂−φ+
ηλ2
λ
eλ−2λφ = 0. (2)
The Lagrangian symplectic form of the model is
Ω =
∫
0
λ1dx δφ ∂tδφ, (3)
evaluated at t = 0.
To construct a new parameterisation of the space of solutions of the Liouville
theory, we set
eλλφ(x, t) = ǫijuλi(xλ+)Wλjl(A; xλ+, xλ−)vλl(xλ−), (4)
where indices i, j, l = 1, 2, ǫ is the 2× 2 anti-symmetric matrix with ǫ12 = 1, u and
v are periodic functions from the real line R into Rλ2, and W (A; xλ+, xλ−) =
{Wλjl(A; xλ+, xλ−)} is the holonomy of a connection A given by
W (A; xλ+, xλ−) = P exp
∫
xλ−
λxλ+A(s)ds. (5)
In the above, A is a periodic one-form on the real line, with values into (LieSL(2,R))λ∗
the dual of the Lie algebra of SL(2,R). Note that we take u to be a function of
xλ+, and v a function of xλ−. Finally, the functions u, v are required to satisfy
the constraints
ǫijuλi∇+uλj = −ν, ǫijvλi∇−vλj =
ηλ2
ν
, (6)
where the covariant derivatives are given by
∇+uλi = ∂+uλi−Aλijuλj, ∇−vλi = ∂−vλi− Aλijvλj, (7)
and ν is a real constant (ν 6= 0). We note that the expression for φ in equation (4)
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above, and the constraints (6), are invariant under the gauge transformations
u(x)→ hλ−1(x)u(x), v(x)→ hλ−1(x)v(x),
A(x)→ −∂xh(x) hλ−1(x) + h(x)A(x)hλ−1(x),
(8)
where h is an element of the loop group LSL(2,R) of SL(2,R).
It can be shown from the periodicity of u, v and A that φ is periodic in x. In
addition, if u, v and A satisfy the conditions of eqn. (6), then φ of eqn. (4) solves
the equations of motion of Liouville theory, eqn. (2). However note that φ in
equation (2) is not necessarily a real function. As we will explain later, the reality
condition on the solutions φ imposes additional restrictions on the parameters
u, v, A.
This method of parameterising the solutions of the Liouville theory is similar
to (and was inspired by) the one constructed in ref. [16] for the WZW model.
Note, however, that in this case there are the conditions of eqn. (6) together
with the requirement that the solutions φ are real functions. These are additional
restrictions on the parameters of the theory. Because of this, we will not treat
the above construction as fundamental as we did in the case of the WZW model.
Rather, we will consider it as a device to give a parameterisation to the space of
solutions of Liouville theory.
In order to express the solutions of the field equations in terms of independent
parameters and calculate the symplectic form of the covariant phase space of the
Liouville theory, we first have to gauge fix the symmetry generated by the group
action of eqn. (8) and then solve the conditions of eqn. (6).
Due to eqn. (6), the parameters u, v are not allowed to be zero. To obtain a
non-degenerate symplectic form on PC we must fix the gauge symmetry. We will
choose the following gauge: writing v =
(
vλ1
vλ2
)
, at least one of vλ1, vλ2 must be
non-zero. If vλ2 6= 0, then we choose u = u
0
=
(
1
0
)
, and v = v
0
= k
(
0
1
)
, where
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k is a map from Sλ1 into the real line minus the origin R − {0} (i.e. k 6= 0). In
fact, we will show later (by comparison with the initial data) that k should take
values in the positive real line Rλ +−{0}. If vλ2 = 0 (and so vλ1 6= 0), then we
choose u =
(
0
1
)
, and v = k
(
1
0
)
.
We now consider the first gauge fixing, i.e. assume that vλ2 6= 0 (anal-
ogous results obtain for the other case). Then we pick the following basis in
(LieSL(2,R))λ∗:
tλλ0 = {(tλλ0)λij} =
(
1 0
0 −1
)
, tλ+ = {(tλ+)λij} =
(
0 1
0 0
)
, tλ− = {(tλ−)λij} =
(
0 0
1 0
)
.
(9)
Substituting the gauge conditions into the constraints (6) and solving them in
terms of the components of A = A
0
tλλ0 + A+tλ++A−tλ−, we get
A− = ν, A+ =
ηλ2
ν
1
kλ2
. (10)
Thus, the independent variables after gauge-fixing are k and the component A
0
of
the connection A. Substituting the gauge-fixing conditions and the solutions (10)
of the conditions (6) into the parameterisation (4), we get a parameterisation of
the space of solutions of the Liouville theory in terms of k and A
0
. This is
eλλφ(x, t) = ǫiju0λiWλjl(a; xλ+, xλ−)v0λl(xλ−)
=Wλ22(a; xλ+, xλ−)k(xλ−),
(11)
where a = A
0
tλλ0 + ηλ2
ν
1
kλ2
tλ + +νtλ−. In addition, if we require that k takes
values into the positive real line, then the solutions φ (eqn.(11)) of the Liouville
theory parameterised in terms of A
0
and k are functions from a cylinder into the
real line R, i.e. they are well-defined and real at every point of the space time
for any choice of the parameters A
0
and k (we will justify this at the end of this
section). The space of parameters of the solutions of the Liouville theory is the
co-tangent bundle of the loop group L(Rλ +−{0}) and it is diffeomorphic to the
co-tangent bundle of LR.
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The Lagrangian symplectic form (3) parameterised in terms of k, A
0
is then
found to be
Ω = −
1
λλ2
∫
0
λ1dx
(
2 δlog(k)δA
0
+ δlog(k) ∂xδlog(k)
)
. (12)
This symplectic form is not degenerate and can be easily inverted. The Poisson
brackets of the Liouville theory are thus found to be
{k(x), k(y)} = 0,
{k(x), A
0
(y)} = −
λλ2
2
k(x)δ(x, y),
{A
0
(x), A
0
(y)} =
λλ2
2
∂xδ(x, y),
(13)
where δ(x, y) is the delta function on a circle. Note that in the variables q, p
defined by q = logk and p = −∂xlogk − 2A0 , the symplectic form is simply Ω =
1
λλ2
∫
0
λ1dx δqδp. These Poisson brackets are those of the co-tangent bundle of the
loop group LR of R. In the next section, we will see how this may be understood
using the Hamiltonian reduction approach.
Next we will compare the initial data of the Liouville theory with the param-
eters k, A
0
of the solutions of the theory. The Lagrangian symplectic form (3)
parameterised in terms of the initial data f(x) = λφ(x, 0) and w(x) = λ∂tφ(x, 0),
is Ω = 1
λλ2
∫
0
λ1dx δfδw and the associated Poisson brackets are {f(x), w(y)} =
λλ2δ(x, y). The space of initial data with this symplectic structure is isomorphic
to the Hamiltonian phase space PH of the Liouville theory and the initial data can
be identified with the positions and momenta of the theory. Now we can easily
express the initial data of the Liouville theory in terms of the parameters k, A
0
.
Indeed,
(f, w) = (logk,−∂xlogk − 2A0). (14)
Since f is a real function, the parameter k is required to take values on the positive
real line. Under this requirement, map given in eqn. (14) is a diffeomorphism, in
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fact a symplectic diffeomorphism, as the brackets (13) of PC become precisely the
canonical brackets of PH under this map. Thus we conclude that the covariant PC
and Hamiltonian PH phase spaces of the Liouville theory are isomorphic.
The solutions of the Liouville theory parameterised in terms of A
0
and k (k >
0) are real. For solutions analytic in the time co-ordinate t, this can be shown
explicitly by expressing these solutions as power series in t. For solutions which
are not analytic in t, we note that the Liouville theory has a well-posed initial value
problem [18], which amongst other things imples that there is a unique solution of
the Liouville equation for every set of initial data (f, w). Now we observe that if φ
is a solution of the Liouville equation and φ is complex, then its complex conjugate
φλ∗ is a solution as well. However if the initial data (f, w) (k > 0) of φ are real, it
is easy to prove that both φ and φλ∗ have the same initial data. Hence they must
be equal (φ = φλ∗), and φ is real.
Finally, the solutions of the Liouville theory parameterised in terms of A
0
and
k can be re-written in terms of variables n and m such that n depends on xλ+ and
m depends on xλ− correspondingly. To do this, we choose a point x
0
on the real
line and write the solution as eλλφ(x, t) = ǫijnλi(xλ+, x0)mλj(xλ−, x0) where
n(x, x
0
) = W (a; x
0
, x)u
0
and m(x, x
0
) = W (a; x
0
, x)v
0
. The solution φ does not
depend on the choice of x
0
.
3. Hamiltonian Reduction
An alternative approach to Liouville theory considers it as a Hamiltonian re-
duction of the Wess-Zumino-Witten (WZW) model with target space the group
SL(2,R) [19]. We will now show that this reduction applies to the covariant
canonical approach, in that the Hamiltonian reduction of the covariant canonical
description of the WZW model, as given in ref. [16], yields the covariant canonical
description of the Liouville theory presented above.
Firstly we recall some results from ref. [16]. The parameterisation of the
classical solutions of the Lagrangian equations of motion of the WZW model on a
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cylinder with target space a compact and connected Lie group G is
g(x, t) = U(xλ+)W(A; xλ+, xλ−)V (xλ−),
W(A; xλ+, xλ−) = P exp
∫
xλ−
λxλ+A(s)ds,
(15)
where U and V are periodic maps from the real line R to the group G, and the
field A in the path-ordered exponential is a (LieG)λ∗-valued periodic one-form on
the real line. The expression for g(x, t) in eqn. (15) is then periodic in x and solves
the field equations
∂−(∂+g gλ−1) = 0, (16)
where g, a map from the cylinder into G, is the WZW field. The parameterisation
(15) has the symmetry
U(x)→ U(x)h(x), V (x)→ hλ−1(x)V (x),
A(x)→ −hλ−1(x)∂xh(x) + hλ−1(x)A(x)h(x),
(17)
where h is an element of the loop group of G. These results can be extended to
include the WZW model whose target space is the group SL(2,R).
Next we will show that a Hamiltonian reduction of this parameterisation of
the space of solutions of the WZW model gives the parameterisation of the space
of solutions of the Liouville field theory which we gave in the previous section.
The currents of the WZW model are given by
J+(xλ+) = −
κ
4π
∂+g gλ−1, J−(xλ−) =
κ
4π
gλ−1∂−g. (18)
where κ is a coupling constant. Hamiltonian reduction of the WZW model with
target space the group SL(2,R) to the Liouville theory occurs when one imposes
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the constraints
J+|tλ− = −ν
κ
4π
, J−|tλ+ = −
κηλ2
4πν
, (19)
on the components of the currents of the WZW model. Rewriting the constraints
(16) in terms of the variables U, V, A of the parameterisation (16), they become
(
∂+UUλ−1 + UA(xλ+)Uλ−1)
)
|tλ− = ν,(
V λ−1∂−V − V λ−1A(xλ−)V
)
|tλ+ = −
ηλ2
ν
.
(20)
Now we introduce uλi, vλi satisfying the constraints (6). Then it is straightforward
to show that the SL(2,R) matrices
U =
(
uλ1
M
uλ2
M
−uλ2 uλ1
)
, V =
(
vλ2
N vλ1
−vλ1N vλ2
)
, (21)
satisfy the constraints (20) whereM = (uλ1)λ2+(uλ2)λ2, N = (vλ1)λ2+(vλ2)λ2.
Notice that M and N cannot be zero for uλi, vλi that satisfy the condition (6).
Following the arguments of ref. [19], it then follows that the Liouville field φ is
given by
eλλφ(x, t) ≡ (UWV )λ22 =
(
U(xλ+)W (A; xλ+, xλ−)V (xλ−)
)
λ22 = ǫijuλi(xλ+)Wλjl(A; xλ+, xλ−)vλl(xλ−),
(22)
where (UWV )λ22 is the (22) component of the SL(2,R) matrix UWV . Thus,
the Hamiltonian reduction defined by equation (19) reduces the WZW parame-
terisation (15) to the Liouville parameterisation (4). However, this Hamiltonian
reduction does not necessarily lead to solutions φ of the Liouville theory that are
real functions. The reality condition on these solutions arises as an additional
restriction on their parameters and can be handled as in the previous section.
To show that the reduction is indeed Hamiltonian, i.e. that the WZW Poisson
brackets reduce to the Liouville Poisson brackets, we recall that in ref. [16] we
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showed that the covariant canonical phase space of the WZW model was the co-
tangent bundle of the loop group of G, agreeing with the Hamiltonian phase space.
The brackets are the canonical brackets on this phase space. This result also applies
to the case G = SL(2,R), and thus we have the result that the Poisson brackets
of the WZW model with target space group SL(2,R) in the gauge U = 1 are
{V (x), V (y)} = 0,
{V (x), Aa(y)} = βV (x)taδ(x, y),
{Aa(x), Ab(y)} = β
(
δab
∂
∂x
δ(x, y) + fabλcAc(x)δ(x, y)
)
,
(23)
where V (x) is an element of LSL(2,R) and β = −4pi
κ
. The ta are the generators of
Lie(SL(2,R))λ∗, satisfying [ta, tb] = fabλctc, with fabλc the structure constants of
SL(2,R). If we express V in terms of v as in eqn. (21), gauge fix u and v as in the
previous section and use the algebra [tλλ0, tλ±] = ±2tλ±, [tλ+, tλ−] = tλλ0 of
the basis tλλ0, tλ+, tλ−, the Poisson brackets of eqn. (23) reduce to the Poisson
brackets of eqn. (13) provided that β = 1
2
λλ2. Thus we see that the covariant
canonical formulation of the Liouville theory presented in the previous section can
be derived by a Hamiltonian reduction of the covariant canonical formulation of
the WZW model which we gave in ref. [16].
4. Conclusions
The parameterisation described in section two can also be used to study the
Liouville theory on a flat two-dimensional Minkowski space. The analysis for pa-
rameterising the solutions can be done in the same way as for the Liouville theory
on the cylinder. However in this case, u, v, A are not necesarily periodic. As a
result the parameters A
0
and k are smooth functions from the real line R into the
real line R. The calculation of the covariant symplectic form and the associated
Poisson brackets can formally proceed as in the case of the Liouville theory on a
cylinder. However, it should be noted that the covariant symplectic form is not
well defined for all smooth A
0
, k, δA
0
, δk.
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To summarise, we have presented a parameterisation of the space of solutions
of the Liouville theory on a cylinder with the following properties: The solutions
of the Liouville theory are functions from a cylinder (space-time) into the real
numbers. We showed that the space of parameters of the solutions is diffeomorphic
to the space of initial data of the theory and that this diffeomorphism induces a
symplectic diffeomorphism from the covariant phase space onto the Hamiltonian
phase space of the Liouville theory. The Poisson brackets of the Liouville theory
were also derived. Finally, we showed that our covariant phase space description
of the Liouville theory can be also derived, via Hamiltonian reduction, from the
covariant phase space description of the WZW model given by us in ref. [16].
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